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Abstract
Let k be a positive integer and let G be a k-connected graph. An edge of G is called k-contractible if its contraction still results
in a k-connected graph. A non-complete k-connected graph G is called contraction-critical if G has no k-contractible edge. Let G
be a contraction-critical 5-connected graph, Su proved in [J. Su, Vertices of degree 5 in contraction-critical 5-connected graphs,
J. Guangxi Normal Univ. 17 (3) (1997) 12–16 (in Chinese)] that each vertex of G is adjacent to at least two vertices of degree 5, and
thus G has at least 25 |V (G)| vertices of degree 5. In this paper, we further study the properties of contraction-critical 5-connected
graph. In the process, we investigate the structure of the subgraph induced by the vertices of degree 5 of G. As a result, we prove
that a contraction-critical 5-connected graph G has at least 49 |V (G)| vertices of degree 5.
c© 2007 Elsevier B.V. All rights reserved.
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1. Introduction
We only consider finite simple undirected graphs. Let k be a positive integer and let G be a k-connected graph.
An edge of G is called k-contractible if its contraction yields again a k-connected graph. It is known [11] that any
3-connected graph with order at least 5 has a 3-contractible edge. But for k ≥ 4, Thomassen [10] showed that there
are infinitely many k-connected k-regular graphs which do not have a k-contractible edge. So, the contraction-critical
k-connected graph for k ≥ 4 was introduced, which is the non-complete k-connected graph without k-contractible
edges. The contraction-critical 4-connected graphs are characterized, which are two special classes of 4-regular
graphs [8]. For k ≥ 5, the characterization for contraction-critical k-connected graphs seems to be very hard. In
general, Egawa [3] showed that every contraction-critical k-connected graph has a vertex of degree at most b 5k4 c − 1.
So, for 5 ≤ k ≤ 7, any contraction-critical k-connected graph contains a vertex of degree k. For the contraction-critical
5-connected graph, more results are obtained. It was proved [12] that any vertex is adjacent to at least one vertex of
degree 5 in such a graph. The proof of this result also appeared in [1] and [5]. By using a more technical method,
Su [9] proved the following result.
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Theorem 1 ([9]). Let G be a contraction-critical 5-connected graph. Then each vertex in G is adjacent to at least
two vertices of degree 5, and thus G has at least 25 |V (G)| vertices of degree 5.
The number ‘two’ in Theorem 1 is the best possible. Indeed, there are some contraction-critical 5-connected graphs
which contain some vertices having only two neighbors of degree 5 (see [13, Fig. 2]). In this paper we further study
the contraction-critical 5-connected graphs. Let V5(G) denote the set of the vertices of degree 5 in G. We obtain some
structure properties of the subgraph induced by V5(G) in a contraction-critical 5-connected graph. As a result, we
improve the estimate for the number of the vertices of degree 5 in a contraction-critical 5-connected graph.
Theorem 2. Let G be a contraction-critical 5-connected graph. Then |V5(G)| ≥ 49 |V (G)|.
For terms not defined here we refer the reader to [2]. Let G = (V (G), E(G)) be a graph. V (G), E(G) denote
the vertex set and the edge set of G, respectively. Let |G| = |V (G)|. κ(G) denote the vertex connectivity of G. An
edge joining the vertices x, y will be written as xy. For x ∈ F ⊆ V (G), we define NG(x) = {y : xy ∈ E(G)}.
dG(x) = |NG(x)| denotes the degree of x . NG(F) = ⋃x∈F NG(x) − F . A set T ⊆ V (G) is called a separating set
of a graph G if G − T is not connected. A separating set with κ(G) vertices is called a smallest separating set. Let G
be a non-complete graph, T a smallest separating set of G. The union of at least one but not of all the components of
G − T is called a T -fragment. A fragment of G is a T -fragment for some smallest separating set T . Let F ⊆ V (G)
be a T -fragment. Then, F = V (G) − (F ∪ T ) 6= ∅ is also a T -fragment and NG(F) = T = NG(F). The set of all
smallest separating sets of G will be denoted by TG . We often omit the index G if it is clear from the context.
We need more definitions introduced in [7]. For a graph G, let S be a non-empty set of subset of V (G). An
S-fragment of G is a T -fragment of G for any T ∈ TG such that there is an S ∈ S with S ⊆ T . An inclusion-minimal
S-fragment of G is called an S-end and one of the least vertex numbers is an S-atom. A graph G is called S-critical
if for each S ∈ S there is T ∈ TG such that S ⊆ T , and for any S-fragment F there is a T ′ ∈ TG such that T ′∩ F 6= ∅
and T ′ ∩ (F ∪ N (F)) contains an element of S. Especially, if S = {∅}, then G is called almost critical. The following
properties of the fragments are folklore (for the proof see [7]), we will use them without any further reference.
Let T, T ′ ∈ TG , and let F, F ′ be the T -fragment and T ′-fragment of G, respectively. If F ∩ F ′ 6= ∅, then
|F ∩ T ′| ≥ |F ′ ∩ T | and |F ′ ∩ T | ≥ |F ∩ T ′|. If F ∩ F ′ 6= ∅ 6= F ∩ F ′, then both F ∩ F ′ and F ∩ F ′ are fragments
of G, and N (F ∩ F ′) = (F ′ ∩ T ) ∪ (T ′ ∩ T ) ∪ (F ∩ T ′). If F ∩ F ′ 6= ∅ and F ∩ F ′ is not a fragment of G, then
F ∩ F ′ = ∅, and |F ∩ T ′| > |F ′ ∩ T | and |F ′ ∩ T | > |F ∩ T ′|. By the definition, the two end-vertices of any edge in
a contraction-critical k-connected graph is contained in some smallest separating sets.
2. Some preliminary results
For contraction-critical 5-connected graphs, some properties have been proved.
Lemma 1 ([12]). Let G be a contraction-critical 5-connected graph and F a fragment of G. If w ∈ N (F) and
N (w) ∩ N (F) 6= ∅ and |F | ≥ 2, then, N (w) ∩ (F ∪ N (F)) contains a vertex of degree 5.
Lemma 2 ([6]). Let A be a fragment of cardinality 2 in a contraction-critical 5-connected graph, and let t1 6= t2 in
N (A) such that |N (t1) ∩ A| = |N (t2) ∩ A| = 1. Then, one of t1, t2 has a neighbor of degree 5 in N (A)− {t1, t2}.
Lemma 3 ([13]). Let G be a contraction-critical 5-connected graph. Let x ∈ V (G), and let A be a fragment such
that x ∈ N (A) and |A| ≥ 3 and |A| ≥ 2. If |N (x) ∩ A| = 1, then there exists a vertex y ∈ N (x) ∩ (N (A) ∩ V5(G))
such that N (x) ∩ A ⊆ N (y) ∩ A and |N (y) ∩ A| ≥ 2.
Lemma 4. Let G be a contraction-critical 5-connected graph. Let V1 ⊆ V (G) be a non-empty set such that
V (G)− V1 6= ∅, and let S = {{x, y} | x ∈ V1, y ∈ V (G)− V1, xy ∈ E(G)}. Then G is S-critical.
Proof. As G is 5-connected, there are some edges joining the vertices of V1 and V (G) − V1, so S consists of the
end-vertices of such edges. Let F be an S-fragment of G such that {x, y} ∈ S and {x, y} ⊆ N (F). We may assume
that x ∈ V1, y ∈ V (G) − V1. Let C ⊆ F be a connected component of F . As N (F) is a smallest separating set of
G, N (x) ∩ C 6= ∅ and N (y) ∩ C 6= ∅. Pick x ′ ∈ N (x) ∩ C and y′ ∈ N (y) ∩ C . Then there is a path P ′ connecting
x ′, y′ in C . Let P = P ′ ∪ {xx ′, yy′}. Then P is a path of G without using the edge xy. As x ∈ V1, y ∈ V (G) − V1,
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P contains one edge f = uv which joins one vertex of V1 and one vertex of V (G) − V1. Clearly, u, v ∈ F ∪ N (F)
and {u, v} ∩ F 6= ∅. As G is contraction-critical, there is a T ′ ∈ TG such that T ′ ⊇ {u, v}. So T ′ ∩ F 6= ∅ and
T ′ ∩ (F ∪ N (F)) ⊇ {u, v}. This implies that G is S-critical. 
We also need some properties of contraction-critical κ-connected graphs and almost critical graphs.
Lemma 5 ([7]). Let G be a κ-connected graph and let S be a non-empty set of subset of V (G). Let A be an S-
atom of G. If T ∈ TG such that T ∩ A 6= ∅ and T ∩ (A ∪ N (A)) contains one element of S, then A ⊆ T and
|A| ≤ 12 |N (A)− T |.
Lemma 6 ([7]). Every non-complete almost critical graph G has four fragments F1, F2, F3, F4 such that F1, F2, F3
and F4 ∩ ∪TG are disjoint.
Lemma 7 ([4]). Let G be a contraction-critical κ-connected graph, and let A be an atom of G, or a set consisting of
a single vertex of G, or a set of vertices with |N (A)| ≥ κ such that there is a pair (a′, t ′) ∈ A × N (A) such that a, t
are adjacent if (a, t) ∈ A × N (A)− {(a′, t ′)}.
Then G − A is an almost critical graph with connectivity κ − |A|, N (A) ⊆ ∪TG−A, and every T -fragment of
G − A is a T ∪ A-fragment of G.
The following result is an improvement of number ‘two’ in Theorem 1 under some conditions.
Theorem 3. Let G be a contraction-critical 5-connected graph. Let x ∈ V (G) such that d(x) ≥ 8. Let x1, x2 ∈
N (x) ∩ V5(G). If x1x2 ∈ E(G), then x is adjacent to at least three vertices of degree 5.
Proof. By contradiction. Suppose that N (x) ∩ V5(G) = {x1, x2}. Since d(x) ≥ 8, we have |V (G)| ≥ 9. Let
S = {{x, y} | d(y) ≥ 6, y ∈ N (x)}. Let F be an S-fragment. As x1x2 ∈ E(G), either F ∩ {x1, x2} = ∅ or
F ∩ {x1, x2} = ∅. Let A be an S-fragment such that A ∩ {x1, x2} = ∅ and |A| is minimum. By the choice of A,
|A| ≥ 2. Let x0 ∈ N (x)∩N (A) such that d(x0) ≥ 6. Then N (A)∩{x1, x2} 6= ∅. For otherwise, we have {x1, x2} ⊆ A,
then x has a neighbor of degree 5 in A ∪ N (A) by Lemma 1, a contradiction. If a vertex y ∈ N (A)− {x, x0} has only
one neighbor in A, then A′ = A − N (y) ∩ A is still an S-fragment such that A ∩ {x1, x2} = ∅. But |A′| < |A|, it is
impossible. So we have the following fact.
Assertion 3.1. Each vertex of N (A)− {x, x0} is adjacent to at least two vertices of A.
Assertion 3.2. A ∩ {x1, x2} 6= ∅.
Proof. Suppose not, then {x1, x2} ⊆ N (A), and hence |A| ≥ |A| ≥ 2 by the choice of A. By Assertion 3.1
we have |N (x1) ∩ A| ≥ 2 and |N (x2) ∩ A| ≥ 2. This follows that |N (x1) ∩ A| = 2 = |N (x2) ∩ A| and
|N (x1)∩ A| = 1 = |N (x2)∩ A|. Note that N (x1)∩ A 6= N (x2)∩ A (for otherwise (N (A)−{x1, x2})∪ (N (x1)∩ A) is
a separating set of 4 vertices of G). So, if |A| = 2, then we can deduce that A ⊆ V5(G), and thus |N (x)∩V5(G)| ≥ 3,
a contradiction. Hence |A| ≥ 3. Now let M = A − (N (x1) ∪ N (x2)), then M is an S-fragment and |M | ≥ 2. By
Lemma 1, x has a neighbor of degree 5 in M ∪ N (M). As x1, x2 ∈ M , |N (x) ∩ V5(G)| ≥ 3, a contradiction. 
By Assertion 3.2, we may assume that x1 ∈ N (A), x2 ∈ A.
Assertion 3.3. If |A| ≥ 2, then |N (x1) ∩ A| ≥ 2.
Proof. Suppose that |N (x1) ∩ A| ≤ 1. Then |N (x1) ∩ A| = 1 and N (x1) ∩ A = {x2}. If A has exactly two vertices
x2, z, by noting that x1, z are not adjacent, then d(z) = 5 and xz ∈ E(G). So x is adjacent to three vertices of
degree 5, a contradiction. Hence |A| ≥ 3. As |A| ≥ 2, we apply Lemma 3 to x1 and A, then there is a vertex
t ∈ N (x1) ∩ (N (A) ∩ V5(G)) such that N (x1) ∩ A ⊆ N (t) ∩ A and |N (t) ∩ A| ≥ 2. Clearly, t 6∈ {x, x0} as d(t) = 5.
By Assertion 3.1, |N (t) ∩ A| ≥ 2. As x1 ∈ N (t) ∩ N (A), this follows that |N (t) ∩ A| = |N (t) ∩ A| = 2 and
N (t) ∩ N (A) = {x1}.
Note that x2 ∈ N (x1)∩ A ⊆ N (t)∩ A. Let t∗ ∈ N (t)∩ A−{x2}. As |A| ≥ 3,then A′ = A−{x2, t∗} is a fragment
of G such that N (A′) = (N (A)− {x1, t}) ∪ {x2, t∗}, A′ is an S-fragment of G.
If x2 is adjacent to at most one vertex in A−{t∗}, then |N (x2)∩A′| = 1 as x2 ∈ N (A′). It is easy to see that |A′| ≥ 2.
Then A1 = A′ − N (x2) ∩ A′ is an S-fragment of G such that {x1, x2} ⊆ A1. By Lemma 1, N (x) ∩ (A1 ∪ N (A1))
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has a vertex of degree 5, a contradiction. Hence, x2 is adjacent to two vertices in A− {t∗} as {x, x1, t} ⊆ N (x2). This
follows that x2t∗ 6∈ E(G) and |A| ≥ 4.
As N (x1) ∩ A = {x2}, M = A − {x2} is a S-fragment of G such that N (M) = (N (A) − {x1}) ∪ {x2}. Note
that |M | ≥ 3 and |M | ≥ |A| + 1 ≥ 3, as N (t) ∩ M = {t∗}, by applying Lemma 3 to t and M , there is a vertex
y ∈ N (t)∩(N (M)∩V5(G)) such that N (t)∩M ⊆ N (y)∩M and |N (y)∩M | ≥ 2. As N (t)∩M ⊇ (N (t)∩ A)∪{x1},
then x2 is the only vertex in N (t) ∩ N (M). So y = x2, and thus t∗ ∈ N (t) ∩ M ⊆ N (x2) ∩ M , contradicts the fact
that x2t∗ 6∈ E(G). 
Assertion 3.4. |A| = 2.
Proof. Assume that |A| ≥ 3, we deduce a contradiction. First we show that N (x)∩ A ⊆ N (x1)∩ A. Let z ∈ N (x)∩ A
and let T ∈ TG such that T ⊇ {x, z}, and let F be a T -fragment of G. If A ⊆ T , then |A| = 3. (For otherwise,
|T ∩ A| = |A| ≥ 4, then we have T ∩ A = ∅. It follows that either F ∩ A 6= ∅ or F ∩ A 6= ∅. By assuming
F ∩ A 6= ∅, then we can deduce that F = ∅, a contradiction.) Further, we have |T ∩ A| ≤ 1. Now if |A| = 1, then
|V (G)| = 9, and thus x is adjacent to each vertex of G. By Theorem 1, G has at least 4 vertices of degree 5, and
hence |N (x) ∩ V5(G)| ≥ 4, a contradiction. So |A| ≥ 2. It follows that either F ∩ A 6= ∅ or F ∩ A 6= ∅. We may let
F ∩ A 6= ∅. Then |F ∩ N (A)| ≥ |T ∩ A| = |A| = 3, and thus |F ∩ N (A)| ≤ 1 < |T ∩ A|, implying F ∩ A = ∅.
Hence F ⊆ N (A) and |F | = 1. Let F = {t}, so t ∈ N (x) ∩ N (A) ∩ V5(G) and |N (t) ∩ A| = 1. Note that x1 is the
only vertex in N (x) ∩ (N (A) ∩ V5(G)), we have t = x1. On the other hand, by Assertion 3.3, |N (x1) ∩ A| ≥ 2 as
|A| ≥ 2, a contradiction. Hence A 6⊆ T .
We may assume that A ∩ F 6= ∅. As we know {x, z} ∈ S, then |(N (A) − F) ∪ (T ∩ A)| ≥ 6 (for otherwise
A ∩ F is an S-fragment properly contained in A). Then we have A ∩ F = ∅, and |N (A) ∩ F | > |T ∩ A| and
|A ∩ T | > |N (A) ∩ F |. If F ∩ A 6= ∅, then similarly we have A ∩ F = ∅ and |N (A) ∩ F | > |T ∩ A|, implying
that |A| = 1 and |N (A) ∩ F | = |N (A) ∩ F | = 2. So A = {x2} and x1 6∈ T . We may assume that x1 ∈ F , then
F ∩ {x1, x2} = ∅. Note that |F | < |A|, contradicts the choice of A. Hence F ∩ A = ∅, and so F ⊆ N (A).
If |F | ≥ 2, then |T ∩ A| ≥ |N (A) ∩ F | + 1 ≥ 3, and so |T ∩ A| ≤ 1 < |N (A) ∩ F |, implying that A ∩ F = ∅.
Then |A| = |A ∩ T | = 1, and so |F ∩ N (A)| ≥ |A ∩ T | + 1 = 2. Then |F ∩ N (A)| = |F ∩ N (A)| = 2 and
T ∩ N (A) = {x}, this follows that either x1 ∈ F or x1 ∈ F . If x1 ∈ F , as x2 ∈ T ∩ A, then F is an S-fragment such
that F ∩ {x1, x2} = ∅ and |F | < |A|, a contradiction. If x1 ∈ F , then F is an S-fragment such that F ∩ {x1, x2} = ∅.
Note that A ∩ F = ∅ and |F ∩ N (A)| = 2 < |T ∩ A|, thus |F | < |A|, a contradiction. So we have |F | = 1. It is easy
to see that the only vertex in F is x1 as this vertex is adjacent to x and has degree 5. As N (x1) = T , it follows that
z ∈ N (x1) ∩ A. From this fact we have N (x) ∩ A ⊆ N (x1) ∩ A.
Next we show that |N (x1) ∩ A| = |N (x1) ∩ A|. By Assertion 3.1, |N (x1) ∩ A| ≥ 2. On the other hand, by noting
that x, x2 ∈ N (x1) − A, we have 2 ≤ |N (x1) ∩ A| ≤ 3. If |N (x) ∩ A| = 3, then |N (x1) ∩ A| = 3, and thus
N (x) ∩ A = N (x1) ∩ A. By Theorem 1, x1 is adjacent to two vertices of degree 5 in G, as d(x) ≥ 8, x1 has a
neighbor of degree 5 in A. Then x also has a neighbor of degree 5 in A, and thus has three neighbors of degree 5
in G, a contradiction. So |N (x) ∩ A| ≤ 2, this follows |N (x) ∩ (N (A) ∪ A)| ≤ 6. As d(x) ≥ 8, |N (x) ∩ A| ≥ 2,
implying |A| ≥ 2. Then, by Assertion 3.3, |N (x1) ∩ A| ≥ 2. It follows that |N (x1) ∩ A| = 2 = |N (x1) ∩ A|, and so
N (x1) ∩ N (A) = {x}.
Finally, let N (x1) ∩ A = {z1, z2} and z1 ∈ N (x) ∩ A. By Lemma 1, N (x1) ∩ A has a vertex of degree 5, so
z2 ∈ V5(G)− N (x), and thus N (x)∩ A = {z1}. Let T1 ∈ TG such that T1 ⊇ {x1, z2}, let F1 be a T1-fragment of G. If
A ⊆ T1, then |T1 ∩ A| = |T1| − (|A∩ T1| + |N (A)∩ T1|) ≤ 1. As |A| ≥ 2, either F1 ∩ A 6= ∅ or F1 ∩ A 6= ∅. We may
assume that F1 ∩ A 6= ∅. By using similar argument as above, we can deduce that F1 ⊆ N (A) and |F1| = 1. Clearly,
the only vertex in F1 has degree 5, and is adjacent to x1. Since N (x1) ∩ N (A) = {x}, we have F1 = {x}, contradicts
d(x) ≥ 8. Hence A 6⊆ T1.
We may assume that A ∩ F1 6= ∅. If |(N (A) − F1) ∪ (T1 ∩ A)| = 5, then A ∩ F1 is a fragment of G. Since
x1, z2 ∈ N (A ∩ F1), thenN (x1) ∩ (A ∩ F1) 6= ∅. It follows that N (x1) ∩ (A ∩ F1) = {z1}, i.e. z1 ∈ A ∩ F1, and
thus x ∈ N (F1 ∩ A). As d(z1) ≥ 6, |F1 ∩ A| ≥ 2. Note that N (x) ∩ (A ∩ F1) = N (x1) ∩ (A ∩ F) = {z1},
(N (A∩F1)∪{z1})−{x1, x} is a separating set of 4 vertices of G, a contradiction. Then |(N (A)−F1)∪(T1∩ A)| ≥ 6,
and thus F1 ∩ A = ∅, and |F1 ∩ N (A)| > |A∩ T1| and |A∩ T1| > |F1 ∩ N (A)|. Now if A∩ F1 6= ∅, we can similarly
deduce that F1 ∩ A = ∅, and |F1 ∩ N (A)| > |A ∩ T1|. Then, we have |A| = |A ∩ T1| < 12 |N (A) − T1| ≤ 2, a
contradiction. So A ∩ F1 = ∅, and thus F1 = F1 ∩ N (A). Since N (x1)∩ N (A) = {x}, we have x ∈ F1. As d(x) ≥ 8,
|F | ≥ 4, and thus |T1 ∩ A| ≥ |F1| + 1 ≥ 5, implying |T1| ≥ 6, a contradiction. So |A| ≤ 2, and hence |A| = 2. 
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By Assertion 3.4, |A| = 2, then |A| ≥ 2 (Since |V (G)| ≥ 9.). Now we are ready to complete the proof of
Theorem 3. Let A = {z1, z2}. By Assertion 3.1, |N (x1)∩ A| ≥ 2, so A ⊆ N (x1). By Assertion 3.3, |N (x1)∩ A| ≥ 2,
and thus |N (x1) ∩ A| = 2 and N (x1) ∩ N (A) = {x}. Let z1 ∈ N (x). Then d(z1) ≥ 6. By Lemma 1, there is a
vertex of degree 5 in A which is adjacent to x1. This follows d(z2) = 5, and thus z2x 6∈ E(G). Let T2 ∈ TG such that
T2 ⊇ {x1, z2}, and let F2 be a T2-fragment of G. Since N (A) ⊆ N (z1), A ⊆ T2. If |F2∩N (A)| < |A|, then A∩F2 = ∅,
and thus F2 ⊆ N (A) and |F2| = 1. Then we can deduce that the only vertex in F2 has degree 5 and is adjacent to x1,
implying that d(x) = 5, a contradiction. Hence, |F2∩ N (A)| ≥ 2. Similarly we can deduce that |F2∩ N (A)| ≥ 2, and
thus |F2 ∩ N (A)| = 2 = |F2 ∩ N (A)| and T2 ∩ N (A) = {x1}. We may assume that x ∈ F2 ∩ N (A). Since d(x) ≥ 8,
F2 ∩ A 6= ∅. On the other hand, by noting that N (x1)∩ (F2 ∩ N (A)) = ∅, we have F2 ∩ A 6= ∅. Note that both F2 ∩ A
and F2 ∩ A are fragments of G. Let M1 = F2 ∩ A,M2 = F2 ∩ A. Then N (x1) ∩ M1 6= ∅ and N (x1) ∩ M2 6= ∅.
As d(x1) = 5 and A ⊆ N (x1), by noting that xx2 ∈ E(G), N (x1) ∩ M1 = {x2} and N (x1) ∩ N (M1) = {x}. By
the fact that d(x) ≥ 8 we have |M1| ≥ 3. Clearly, |M1| ≥ 3. By applying Lemma 3 to x1 and M1, there is a vertex
u in N (x1) ∩ (N (M1) ∩ V5(G)) such that N (x1) ∩ M1 ⊆ N (u) ∩ M1. As N (x1) ∩ N (M1) = {x}, this implies that
d(x) = 5, a contradiction. 
Theorem 4. Let G be a contraction-critical 5-connected graph. Then every connected component of the subgraph
induced by V5(G) has at least 4 vertices.
Proof. Let G1 be the subgraph induced by V5(G). By Theorem 1, for any vertex v ∈ V (G1), dG1(v) ≥ 2. So any
connect component of G1 has at least three vertices. Suppose that there is a connected component H of G1 containing
only three vertices x1, x2, x3, we deduce a contradiction. By Theorem 1, H ∼= K3.
Assertion 4.1. |N (x1) ∩ N (x2)− {x3}| ≤ 1, |N (x1) ∩ N (x3)− {x2}| ≤ 1, |N (x2) ∩ N (x3)− {x1}| ≤ 1.
Proof. By symmetry, we only prove |N (x1)∩N (x2)−{x3}| ≤ 1. Suppose not, we assume that |N (x1)∩N (x2)−{x3}| ≥
2. Let c1, c2 ∈ N (x1) ∩ N (x2) − {x3}. Let a ∈ N (x1) − {c1, c2, x2, x3}, b ∈ N (x2) − {c1, c2, x1, x3}. As G is 5-
connected, we know that a 6= b. Let A = {x1, x2}, then N (A) = {x3, a, b, c1, c2}. As |N (A)| = 5 and d(a) ≥ 6,
V (G)− (A ∪ N (A)) 6= ∅. Then, N (A) ∈ TG and A is a fragment of two vertices. As |N (a) ∩ A| = |N (b) ∩ A| = 1,
by Lemma 2 there is a vertex u of degree 5 in N (A) such that u is adjacent to a or b. By the assumption, u = x3. So
N (x3) ∩ N (A) 6= ∅. As |A| = 2, by Lemma 1, x3 has a neighbor of degree 5 in N (A) ∪ A, a contradiction. 
Assertion 4.2. Let A be a fragment of G such that A∩{x1, x2, x3} = ∅. Suppose that xi ∈ N (A) and N (xi )∩N (A) 6=
∅ for i ∈ {1, 2, 3}, then |N (xi ) ∩ A| ≥ 2.
Proof. Suppose Assertion 4.2 is not true, we may assume that x1 ∈ N (A) and N (x1)∩N (A) 6= ∅, and |N (x1)∩A| = 1.
Let N (x1) ∩ A = {y}. We deduce a contradiction.
Since A ∩ {x1, x2, x3} = ∅, the only neighbor y of x1 in A has degree greater than 5, implying that |A| ≥ 2. If
x2, x3 ∈ A, then, by Lemma 1, x1 has a neighbor of degree 5 in A∪ N (A), which is absurd. So, N (A)∩ {x2, x3} 6= ∅.
We may assume that x2 ∈ N (A). If |A| = 2, then the vertex y′ ∈ A−{y} has degree 5. As x1y′ 6∈ E(G), y′x2 ∈ E(G),
this is a contradiction. So |A| ≥ 3. If |A| = 1, then A = {x3} and N (x3) = N (A). On the other hand, by noting that
|N (x1)⋂(A ∪ A)| = 2 we have |N (x1) ∩ N (A)| = 3, implying that |N (x1) ∩ N (x3) − {x2}| = 2, contradicts
Assertion 4.1. Hence, |A| ≥ 2. Then, by Lemma 3, there is a vertex u ∈ N (x1) ∩ (N (A) ∩ V5(G)) such that
N (x1) ∩ A ⊆ N (u) ∩ A and |N (u) ∩ A| ≥ 2. Clearly, u = x2 or u = x3.
If u = x3, then |N (x3) ∩ A| = 2 as we assume that x2 ∈ N (A) and N (x3) ∩ A 6= ∅. Then A′ = A − {y}
is a fragment of G such that A′ ∩ {x1, x2, x3} = ∅ and x3 ∈ N (A′). Clearly, N (x3) ∩ N (A′) 6= ∅ and
|N (x3) ∩ A′| = |N (x3) ∩ A − {y}| = 1. Note that x2 ∈ N (A′) and x1 ∈ A′, the same reason as shown above
|A′| ≥ 3. As |A′| ≥ 2, still by Lemma 3, we have N (x3) ∩ A′ ⊆ N (x2) ∩ A′. So A′′ = A′ − N (x3) is a fragment of
G such that x2 ∈ N (A′′) and x1, x3 ∈ A′′. Moreover, N (x3) ∩ A′ ⊆ N (A′′) ∩ N (x2). So, by Lemma 1, x2 has three
neighbors of degree 5, a contradiction.
If u = x2, by using the same argument as for the case u = x3, we can deduce a contradiction if we assume that
|N (x2) ∩ A| = 2. So |N (x2) ∩ A| = 3. This implies that x3 ∈ A, and thus A′ = A − {y} is a fragment of G such that
N (x2) ∩ N (A′) ⊇ {y} and A′ ⊇ {x1, x3}. By Lemma 1, x2 has three neighbors of degree 5, a contradiction. 
Assertion 4.3. N (xi ) ∩ N (x j )− {x1, x2, x3} = ∅ for i 6= j and i, j ∈ {1, 2, 3}.
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Proof. We prove that N (x1)∩ N (x2) = {x3} and omit the proof of the other similar cases. By contradiction. Suppose
that c ∈ N (x1) ∩ N (x2)− {x3}. Then d(c) ≥ 6. Assume that N (x1) = {a, b, c, x2, x3}.
Let T1 ∈ TG such that T1 ⊇ {x1, a}, let F1 be a T1-fragment of G. If x2 6∈ T1, then x2 ∈ F1 or x2 ∈ F1. We may
assume that x2 ∈ F1. Then, x3, c ∈ T1 ∪ F1, and thus N (x1) ∩ F1 = {b}, contradicts Assertion 4.2. So x2 ∈ T1. If
x3 ∈ T1, then, |N (x1)∩ F1| = 1, contradicts Assertion 4.2. So x3 6∈ T1. We may assume that x3 ∈ F1. Then, b, c ∈ F1
by Assertion 4.2.
Let T2 ∈ TG such that T2 ⊇ {x1, b}. The same reason as shown above that x2 ∈ T2 and x3 6∈ T2. Let F2 be a
T2-fragment of G such that x3 ∈ F2. By Assertion 4.2, a, c ∈ F2. Thus c ∈ F1 ∩ F2 and x3 ∈ F1 ∩ F2. So F1 ∩ F2
is a fragment of G such that x1 ∈ N (F1 ∩ F2) and x2 ∈ N (F1 ∩ F2).On the other hand N (x1) ∩ (F1 ∩ F2) = {c},
contradicts Assertion 4.2. 
Now we complete the proof of Theorem 4.
Let S = {{x, y} | x ∈ V (H), y ∈ V (G)− V (H), xy ∈ E(G)}. By Lemma 4, G is S-critical. Let A be an S-atom
of G. By Lemma 5, |A| ≤ 2. We may assume that z ∈ V (G)−V (H), zx1 ∈ E(G) and z, x1 ∈ N (A). If |A| = 1, then
the only vertex in A must be x2 or x3, say x2, and thus z ∈ N (x1) ∩ N (x2) − {x3} 6= ∅, a contradiction. So |A| = 2.
Let A = {y1, y2}.
By Lemma 1, {x2, x3}∩ (A∪ N (A)) 6= ∅. Suppose that x2 ∈ A∪ N (A) and y1 ∈ N (x1)∩ A. If y1 6= xi , i ∈ {2, 3},
then d(y1) ≥ 6, and hence y1x2 ∈ E(G), contradicts Assertion 4.3. So y1 = x2 or y1 = x3. Note that A is connected,
y1y2 ∈ E(G). If y2 6∈ {x2, x3}, then d(y2) ≥ 6 as y1 = x2 or y1 = x3, this also contradicts Assertion 4.3. Thus
A = {x2, x3}. Then, by Lemma 1, there is a vertex of degree 5 in N (A) ∪ A which is adjacent to x1, a contradiction.
This proves Theorem 4. 
An example in [1] (see [1], 36) show that Theorem 4 is the best possible for the number ‘4’.
3. More results
Lemma 8. Let G be a contraction-critical 5-connected graph. Suppose that x1, x2 ∈ V5(G) and x1x2 ∈ E(G). If
N (x1) ∩ V5(G) = {x2, y1}, N (x2) ∩ V5(G) = {x1, y2} (maybe y1 = y2), then |N (x1) ∩ N (x2)− V5(G)| ≥ 2.
Proof. We distinguish two cases for either y1 6= y2 or y1 = y2.
Case 8.1. y1 6= y2.
Let S = {{x1, x2}}. Let B be an S-end, so that |(B∪N (B))∩{y1, y2}| is minimum. It follows that |B∩{y1, y2}| ≤ 1.
For otherwise, {y1, y2} ⊆ B, and then an S-end B ′ ⊆ B satisfies (B ′ ∪ N (B ′)) ∩ {y1, y2} = ∅, a contradiction. As
y1 6= y2, we have |B| ≥ 2 and |B| ≥ 2.
Subcase 8.1.1. {y1, y2} ⊆ B.
If |B| = 2, then each vertex in B has degree 6. Thus, B ⊆ N (x1) ∩ N (x2) − V5(G). So we may assume that
|B| ≥ 3. We first show that N (x1)∩ B ⊆ N (x2)∩ B. For this purpose, let z ∈ B ∩ N (x1), we deduce that z ∈ N (x2).
Pick T1 ∈ TG such that T1 ⊇ {x1, z}, let F1 be a T1-fragment of G.
If B ⊆ T1, then |B ∩ T1| ≤ 1 by the fact that |B| ≥ 3. Since |B| ≥ 2, either B ∩ F1 6= ∅ or B ∩ F1 6= ∅. We may
let B ∩ F1 6= ∅. It follows that |N (B) ∩ F1| ≥ 3, and thus |N (B) ∩ F1| ≤ 1. As |N (B) ∩ F1| < |B ∩ T1|, we get
B ∩ F1 = ∅. So |F1| = |N (B) ∩ F1| = 1. So we have F1 = {x2} and z ∈ N (x2).
If B 6⊆ T1, then either B ∩ F1 6= ∅ or B ∩ F1 6= ∅. We may assume that B ∩ F1 6= ∅. We claim that
|F1 ∩ N (B)| > |T1 ∩ B|. For otherwise, we have |N (B ∩ F1)| = |(T1 − F1) ∪ (F1 ∩ N (B))| = 5, and thus B ∩ F1 is
a fragment of G, as x1 ∈ N (B ∩ F1), by the fact that B is an S-end, x2 ∈ F1 ∩ N (B). Note that |B ∩ F1| > |B| ≥ 2
and x1, z ∈ N (B ∩ F1), by Lemma 1, x1 is adjacent to a vertex of degree 5 in (B ∩ F1)∪ N (B ∩ F1), a contradiction.
Hence, |F1 ∩ N (B)| > |T1 ∩ B|, and we can similarly get |T1 ∩ B| > |N (B) ∩ F |. From that we have B ∩ F1 = ∅.
Moreover, by the fact that |B| ≥ 2, we can deduce that B ∩ F1 = ∅. By using a similar argument as before we can get
|F1| = 1, and thus F1 = {x2}, and then z ∈ N (x2).
So we have N (x1)∩B ⊆ N (x2)∩B. Similarly, we can obtain N (x2)∩B ⊆ N (x1)∩B. It follows that N (x1)∩B =
N (x2)∩ B. If |N (x1)∩ B| = |N (x2)∩ B| = 1, then, as |B| ≥ 3, (N (B)∪ (N (x1)∩ B))− {x1, x2} is a separating set
of 4 vertices of G, a contradiction. Thus |N (x1) ∩ B| = |N (x2) ∩ B| ≥ 2, and that |N (x1) ∩ N (x2)− V5(G)| ≥ 2.
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Subcase 8.1.2. |{y1, y2} ∩ B| = 1 = |{y1, y2} ∩ N (B)|.
We may assume that y2 ∈ N (B), y1 ∈ B. Thus |N (x2) ∩ N (B)| ≥ 2. As shown in Subcase 8.1.1 we can still
suppose that |B| ≥ 3. We can also deduce as in Subcase 8.1.1 that N (x1)∩ B ⊆ N (x2)∩ B. If |N (x1)∩ B| ≥ 2, then
we get the result of Lemma 8. So, we suppose that |N (x1) ∩ B| = 1. By Lemma 3, we have |N (x2) ∩ B| ≥ 2, and
thus |N (x2) ∩ B| = 1.
If |B| = 2, then N (x2) ∩ B ⊆ N (x1) ∩ B. From that we can get the result of Lemma 8 in view of the fact that
N (x1)∩B ⊆ N (x2)∩B. So we assume that |B| ≥ 3. Then, by Lemma 3, there is a vertex u ∈ N (x2)∩(N (B)∩V5(G))
such that N (x2) ∩ B ⊆ N (u) ∩ B and |N (u) ∩ B| ≥ 2. Clearly, if u = x1, then we arrive at the result. So we assume
that u = y2. Since B is an S-end of G, |N (y2) ∩ B| ≥ 2. Together we get |N (y2) ∩ B| = |N (y2) ∩ B| = 2.
Let N (x2) ∩ B = {t}. Then d(t) ≥ 6. M = B − {t} is a fragment of G, and |N (y2) ∩ M | = 1 = |N (y2) ∩ N (M)|.
Note that t, x1 ∈ N (M) and y1 ∈ M . By Lemma 1, there is a vertex t ′ of degree 5 in M ∪ N (M) which is adjacent
to y2. Clearly, t 6= t ′. So t ′ ∈ M . So N (y2) ∩ M = {t ′}. If |M | = 2, for the case t ′ = y1, then another vertex s in M
also has degree 5 as y2s 6∈ E(G), and so x1s ∈ E(G), a contradiction; for the case of t ′ 6= y1, then x1t ′ 6∈ E(G) as
d(t ′) = 5, and so |N (x1) ∩ M | = |N (y2) ∩ M | = 1, implying that there is a vertex s′ of degree 5 in N (M) which
is adjacent to x1 or y2 by Lemma 2, and thus x1 is adjacent to three vertices of degree 5 as t 6= s′, a contradiction.
So |M | ≥ 3. Then, by Lemma 3, we have that there is a vertex of degree 5 in N (y2) ∩ (N (M) ∩ V5(G)), also a
contradiction. This proves the result for Subcase 8.1.2.
Subcase 8.1.3. {y1, y2} ⊆ N (B).
As B is an S-end, we have |N (yi ) ∩ B| ≥ 2 for i ∈ {1, 2}. On the other hand, there is an S-end B ′ ⊆ B. By the
choice of B, we also have {y1, y2} ⊆ N (B ′), and thus |N (yi )∩ B ′| ≥ 2, so |N (yi )∩ B| ≥ 2 for i ∈ {1, 2}. If |B| = 2
or |B| = 2, then we can easily arrive at the result. So we may suppose that |B| ≥ 3 and |B| ≥ 3.
If |N (x1)∩ B| = 1, by Lemma 3, there is a vertex u ∈ N (x1)∩ (N (B)∩ V5(G)) such that N (x1)∩ B ⊆ N (u)∩ B
and |N (u) ∩ B| ≥ 2. Clearly, u = x2 or u = y1. We can deduce as in the last paragraph of Subcase 8.1.2 that u = x2,
i.e. N (x1)∩ B ⊆ N (x2)∩ B and |N (x2)∩ B| ≥ 2. So |N (x2)∩ B| = 1. By using the same argument, we can deduce
that N (x2) ∩ B ⊆ N (x1) ∩ B. Combining these results we have |N (x1) ∩ N (x2)− V5(G)| ≥ 2.
If |N (x1) ∩ B| ≥ 2, then |N (x1) ∩ B| = 1. Then we can similarly deduce that |N (x1) ∩ N (x2)− V5(G)| ≥ 2.
Subcase 8.1.4. |B ∩ {y1, y2}| = |B ∩ {y1, y2}| = 1.
We may suppose that y1 ∈ B, y2 ∈ B. Note that there is an S-end B ′ ⊆ B. By the choice of B, we have y1 ∈ B ′.
If |B| = 2 and |B ′| = 2, then we can easily deduce the result of Lemma 8.
So we assume that |B| ≥ 3. Then we can deduce as in the Subcase 8.1.1 that N (x1)∩ B ⊆ N (x2)∩ B. If |B ′| = 2,
then we can easily obtain that N (x1) ∩ N (x2) ∩ B ′ 6= ∅, and so |N (x1) ∩ N (x2)− V5(G)| ≥ 2; if |B ′| ≥ 3, then we
can deduce as for the case of x1 and B that N (x2) ∩ B ′ ⊆ N (x1) ∩ B, implying |N (x1) ∩ N (x2)− V5(G)| ≥ 2.
Case 8.2. y1 = y2.
Let y = y1 = y2. Still suppose that S = {{x1, x2}}. Then N (y) ⊇ {x1, x2} is a smallest separating set of G, {y}
is a N (y)-fragment of G. Let B be an S-end such that B ⊆ {y}. It follows that |B| ≥ 2 and y ∈ B. If |B| = 2,
then Lemma 8 holds. So we assume that |B| ≥ 3, moreover, if |B| ≥ 2, then, we can use the same argument as in
Subcase 8.1.1 to deduce that N (x1) ∩ B = N (x2) ∩ B, and thus |N (x1) ∩ N (x2)− V5(G)| ≥ 2. The remaining case
is that |B| ≥ 3 and |B| = 1. By the assumption, B = {y}.
In what follows, we assume that |N (x1) ∩ N (x2) − V5(G)| ≤ 1 and deduce a contradiction. Without loss of the
generality, we assume that |N (x1) ∩ B| ≥ |N (x2) ∩ B|. Pick any vertex z ∈ N (x1) ∩ B, we have to show that
z ∈ N (x2) ∩ B. For this purpose, let T1 ∈ TG such that T1 ⊇ {x1, z}, let F1 be a T1-fragment of G.
Assertion 8.2.1. B 6⊆ T1.
By contradiction, so we assume that B ⊆ T1. If |F1 ∩ N (B)| = |F1 ∩ N (B)| = 2, then, as |F1 ∩ N (B)| =
|F1 ∩ N (B)| < |T1 ∩ B| = |B| = 3, F1 ∩ B = ∅ and F1 ∩ B = ∅. Hence, F1 = F1 ∩ N (B) and F1 = F1 ∩ N (B).
Clearly, T1 ∩ N (B) = {x1}. Thus, x2 ∈ F1 or x2 ∈ F1. We may assume that x2 ∈ F1 and F1 = {x2, t}. Then d(t) ≥ 6.
For otherwise, d(t) = 5, then, as t adjacent to either x1 or x2, a contradiction. So F1 ⊆ N (x1). Thus, as yx1 ∈ E(G),
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|N (x1) ∩ B| = |N (x1) ∩ F1| = 1. So N (x1) ∩ B = {z}. Let M = B − {z}, then M is a fragment of G such that
x2 ∈ N (M). Note that N (x2) ∩ N (M) ⊇ {t} 6= ∅ and M = {x1, y}, by Lemma 1, there is a vertex of degree 5 in
M ∪ N (M) which is adjacent to x2, a contradiction.
So, either |F1 ∩ N (B)| = 1 or |F1 ∩ N (B)| = 1. We may assume that |F1 ∩ N (B)| = 1, then we can similarly
deduce that |F1| = |F1∩N (B)| = 1, implying that F1 = {x2}. As we assume that B ⊆ T1, we have B ⊆ T1 = N (x2).
It follows that N (x1) ∩ B ⊆ N (x2) ∩ B. If |N (x1) ∩ B| ≥ 2, then |N (x1) ∩ N (x2)− V5(G)| ≥ 2, a contradiction. So
we have |N (x1)∩ B| ≤ 1 and thus N (x1)∩ B = {z}. Then, by picking M = B − {z} and using the same argument as
in the last paragraph, we deduce a contradiction. This proves Assertion 8.2.1.
By Assertion 8.2.1, we may assume that B ∩ F1 6= ∅. If |F1 ∩ N (B)| = |T1 ∩ B|, then F1 ∩ B is a fragment of G.
As B is an S-end of G and x1 ∈ T1 ∩ N (B) ⊆ N (F1 ∩ B), x2 ∈ F1 ∩ N (B). By Lemma 1, we can deduce that x1 has
a neighbor of degree 5 in (F1 ∩ B) ∪ N (F1 ∩ B), a contradiction. Thus, |F1 ∩ N (B)| > |T1 ∩ B|. We can similarly
get that |T1 ∩ B| > |N (B) ∩ F1| and F1 ∩ B = ∅.
Assertion 8.2.2. B ∩ F1 = ∅.
If B ∩ F1 6= ∅, then we can similarly as above deduce that |F1 ∩ N (B)| > |T1 ∩ B| and F1 ∩ B = ∅. A simple
count shows that |F1 ∩ N (B)| = 2 = |F1 ∩ N (B)|. Thus, N (B) ∩ T1 = {x1} and y ∈ T1. We may assume that
x2 ∈ F1 ∩ N (B). Since |N (x1) ∩ T1| ≥ |{y, z}| ≥ 2, either |N (x1) ∩ F1| = 1 or |N (x1) ∩ F1| = 1.
If N (x1) ∩ F1 = {x2}, let M = F1 − {x2}, then M is a fragment of G, and x2 ∈ N (M) and |N (y) ∩ M | = 1.
If |M | = 2, then, by the fact that |N (y) ∩ M | = 1, there is a vertex of degree 5 in M which is adjacent to x2, a
contradiction. So |M | ≥ 3. As |N (y) ∩ M | = 1, by Lemma 3, N (y) ∩ M ⊆ N (x2) ∩ M . Let M ′ = M − N (y). Then
M ′ is a fragment of G, and x2 ∈ N (M ′) and N (x2)∩N (M ′) 6= ∅. Note that x1, y ∈ M ′, by Lemma 1, there is a vertex
of degree 5 in M ′ ∪ N (M ′) which is adjacent to x2, a contradiction. So |N (x1)∩ F1| ≥ 2, and thus |N (x1)∩ F1| = 1.
Let N (x1) ∩ F1 = {c1}. Clearly, |F1| ≥ 3 by the assumption. Then, by Lemma 3, we have c1 ∈ N (y), and thus
c1 ∈ F1 ∩ N (B). Let M = F1 − {c1}, then M is a fragment of G. Moreover, y ∈ N (M), N (y) ∩ M = {c1} and
|N (y) ∩ M | = 1. If |M | ≥ 3, then, by the fact that |N (y) ∩ M | = 1 and Lemma 3, we can deduce that d(c1) = 5, a
contradiction. So |M | = 2, implying |F1| = 3. So |B ∩ F1| = 1. Suppose that N (y) ∩ F1 = {c1, w} = F1 ∩ N (B)
and F1 ∩ B = {t}. As x1t 6∈ E(G), d(t) = 5. On the other hand, as N (y) ∩ N (M) = {c1} and N (y) ∩ M = {w}, by
Lemma 1, we have d(w) = 5. As c1 ∈ N (x1) ∩ N (B), we have |N (x2) ∩ B| ≤ |N (x1) ∩ B| ≤ 2.
Let N (B) ∩ F1 = {c2, x2}. As |N (x2) ∩ B| ≤ 2, |N (x2) ∩ N (B) − {x1}| ≥ 1, and thus c2x2 ∈ E(G). This also
implies that |N (x2) ∩ B| = 2, and then |N (x1) ∩ B| = 2. Thus, c2x1 6∈ E(G), and thus N (x1) ∩ (B ∩ F1) 6= ∅ as
|N (x1) ∩ F1| = 2. By the assumption, there is a vertex z′ ∈ N (x2) ∩ B − N (x1) since |N (x2) ∩ B| = 2. Now pick a
T2 ∈ TG such that T2 ⊇ {x2, z′}, let F2 be a T2-fragment of G. By using the same argument as in Assertion 8.2.1, we
can get B 6⊆ T2. By assuming that B ∩ F2 6= ∅, we can similarly obtain that |F2∩ N (B)| > |T2∩ B|. We can similarly
get that |T2 ∩ B| > |N (B) ∩ F2| and F2 ∩ B = ∅.
If we also assume that B ∩ F2 6= ∅, then, as discussed above, we can get that |F2 ∩ N (B)| = 2 = |F2 ∩ N (B)|
and y ∈ T2. By symmetry, we may let x1 ∈ F2 ∩ N (B). By using the same argument as above, we can obtain that
|N (x2) ∩ F2| = 2, |N (x2) ∩ F2| = 1 and |F2| = 3, and thus |B ∩ F2| = 1. As x1c1 ∈ E(G), w, c2 ∈ F2 ∩ N (B).
It follows that w is not adjacent to any vertex of {c1, c2, x1, x2}. Assume that B ∩ F2 = {t ′}. From that we have
N (w) − {y1} = (T1 ∩ B) ∪ {t} ⊆ N (c1). Note that we also have N (w) − {y1} = (T2 ∩ B) ∪ {t ′}, this implies that
c1t ′ ∈ E(G). As c1 ∈ F2 and t ′ ∈ F2, we arrive at a contradiction.
So B ∩ F2 = ∅. Thus F2 = F2 ∩ N (B) and y ∈ T2 ∩ B. Then |T2 ∩ B| ≤ 2, and thus |F2| ≤ 2.
If |F2| = 1, then we can see that F2 = {x1}. It follows that z′ ∈ N (x1) which contradicts our choice for z′. So
|F2| = 2, and thus |F2 ∩ N (B)| = 2. We distinguish two cases. (i) x1 ∈ F2 ∩ N (B). Then we have F2 = {c2, w} since
c1 ∈ N (x1), and thus c1 ∈ F2. This implies that c1w 6∈ E(G). Moreover, as w is not adjacent to c2, x2, implying that
d(w) ≤ 4, a contradiction. (ii) x1 ∈ F2. Then c1 ∈ F2. Since c1x2 6∈ E(G), d(c1) = 5, a contradiction. This proves
Assertion 8.2.2.
By Assertion 8.2.2, F1 = F1 ∩ T . So y ∈ T1, and thus |T1 ∩ B| ≤ 3, and then |F1 ∩ N (B)| ≤ 2.
Assertion 8.2.3. x2 ∈ F1.
If x2 6∈ F1, then |F1| = 2. So |T1 ∩ B| = 3 and |T1 ∩ N (B)| = 1, and thus |F1 ∩ N (B)| = 2. It follows that
x2 ∈ F1∩N (B). Let F1 = {t1, t2} and t1 ∈ N (x1). By the assumption, d(t1) = 6. If t2 ∈ N (x1), then N (x1)∩B = {z}.
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As t1, t2 6∈ N (x2), |N (x2) ∩ B| ≥ 2. Recall that we assume that |N (x1) ∩ B| ≥ |N (x2) ∩ B|, a contradiction. Hence,
x1t2 6∈ E(G). Pick T ′ ∈ TG such that T ′ ⊇ {t2, y}, let F ′ be a T ′-fragment of G. It is easy to see that t1 ∈ T ′. If
|F ′∩T1| = 1, then F1∩F ′ = ∅ as |F ′∩T1| < |T ′∩F1| = |F1|, and then |F ′| = |F ′∩T1| = 1. Since N (y)∩T1 = {x1}
and F ′ ∩ T1 ⊆ N (y), we have F ′ = {x1}. Note that t2 ∈ T ′ and N (x1) = T ′, we have x1t2 ∈ E(G), a contradiction.
Hence, |F ′ ∩ T1| ≥ 2. We can similarly get |F ′ ∩ T1| ≥ 2. It follows that |F ′ ∩ T1| = 2 = |F ′ ∩ T1|, and
so T ′ ∩ T1 = {y}. We may assume that x1 ∈ F ′ ∩ T1. Since N (y) ∩ T1 = {x1}, N (y) ∩ (T1 ∩ F ′) = ∅, and
thus N (y) ∩ F ′ ⊆ N (y) ∩ (F ′ ∩ F1). It follows that F ′ ∩ F1 6= ∅, and thus F ′′ := F ′ ∩ F1 is a fragment of G.
Since x1x2 ∈ E(G), x2 6∈ F ′′, and thus |N (y) ∩ F ′′| = 1. On the other hand, by simple count,|F ′| ≥ 3. Note that
|N (y) ∩ F ′| = |N (y) ∩ F ′′| = 1 and N (y) ∩ T ′ 6= ∅, by Lemma 3, there is a vertex u ∈ N (y) ∩ (T ′ ∩ V5(G))
such that N (y) ∩ F ′ ⊆ N (u) ∩ F ′, implying that u = x2 as N (y) ∩ F ′ ⊆ F ′′. It follows that x2 ∈ T ′, and thus
x2 ∈ N (F ′′). Let N (y) ∩ F ′′ = {s}. If |F ′′| = 2, by letting F ′′ = {s, s′}, then d(s′) = 5 and s′ is adjacent
to x2, a contradiction. So, |F ′′| ≥ 3. By Lemma 3, s ∈ N (x2). Note that F ′′ − {s} is a fragment of G such that
N (F ′′ − {s}) = (N (F ′′) ∪ {s}) − {y}, this implies that x2 has a neighbor of degree 5 in F ′′ ∪ N (F ′′) − {y} by
Lemma 1, a contradiction. This proves Assertion 8.2.3.
Now we claim that |F1| = 1. For otherwise, we have |F1| = 2. Let F1 = {x2, t}. Then d(t) = 6 (for otherwise
d(t) = 5 and t is adjacent to x2 or x1, a contradiction). So |N (x1) ∩ F1| = 2, thus |N (x1) ∩ F1| = 1. By Lemma 3,
N (x1) ∩ F1 ⊆ N (y) ∩ F1 ⊆ T1, and thus |N (x1) ∩ B| = 1. Let M = B − {z}, then M is a fragment of G. Note that
x2 ∈ N (M) and N (x2) ∩ N (M) ⊇ {t}. By Lemma 1, there is a vertex of degree 5 in M ∪ N (M) which is adjacent to
x2, a contradiction. So |F1| = 1, and thus F1 = {x1}. So z ∈ N (x2), this implies that N (x1) ∩ B ⊆ N (x2) ∩ B and
|N (x1) ∩ B| ≤ |N (x2) ∩ B|. As we assume that |N (x1) ∩ B| ≥ |N (x2) ∩ B|, N (x1) ∩ B = N (x2) ∩ B. As |B| ≥ 2,
we have |N (x1) ∩ N (x2) ∩ B| ≥ 2, a contradiction. This proves Case 8.2. 
Theorem 5. Let G be a contraction-critical 5-connected graph, G1 be the subgraph induced by V5(G). Then, each
connected component of G1 has maximum degree at least 3.
Proof. By contradiction. Suppose that G1 has a connected component H in which each vertex has degree at
most two, by Theorems 1 and 4, H = x1x2 · · · xmx1 is an induced cycle of G and m ≥ 4. Let S =
{{x1, x2}, {x2, x3}, . . . , {xm−1, xm}, {xm, x1}}, A an S-atom. By Theorem 4, |A| ≥ 2 and |A| ≥ 2. First we prove
an assertion.
Assertion 5.1. A ∩ V (H) = ∅.
For otherwise, A ∩ V (H) 6= ∅. Then, |A| ≤ 2 by Lemma 5, and thus |A| = 2. By the symmetry of the cycle,
we assume that {x1, x2} ⊆ N (A). If m ≥ 5 and xi ∈ A for 4 ≤ i ≤ m − 1, then xi is adjacent to x1 or x2, a
contradiction. So, either x3 ∈ A or xm ∈ A. Moreover, if A ⊆ V (H), then A = {x3, xm}. As A is connected, m = 4
and N (x1) ∩ A = {x4}, N (x2) ∩ A = {x3}. By Lemma 2, there is a vertex t of degree 5 in N (A)− {x1, x2} such that
t is adjacent to x1 or x2, a contradiction. So |A ∩ V (H)| = 1. Then |A ∩ {x3, xm}| = 1. We may assume that x3 ∈ A.
Then x4 ∈ N (A). Let A = {x3, t}. Then d(t) = 6.
If m = 4, then x4x1 ∈ E(G). Let N (A)− {x1, x2, x4} = {a, b}. By Lemma 8, |N (x3) ∩ N (x4)− V5(G)| ≥ 2, so
(N (x3)∩N (x4))∩{a, b} 6= ∅. Similarly, we have (N (x3)∩N (x2))∩{a, b} 6= ∅. So |N (x4)∩A| = 1, |N (x2)∩A| = 1.
If |A| = 2, then each vertex in A has degree 5, a contradiction. Hence, |A| ≥ 3. By Lemma 3, N (x4) ∩ A ⊆
N (x1) ∩ A, N (x2) ∩ A ⊆ N (x1) ∩ A. As |N (x1) ∩ A| ≤ 2, (N (x2) ∪ N (x4)) ∩ A = N (x1) ∩ A. This implies that
{a, b} ∪ (N (x1) ∩ A) is a separating set of 4 vertices of G, a contradiction. So m ≥ 5.
It follows that x5 ∈ A (for otherwise, x3 is adjacent to x5 or x1, a contradiction). Note that N (x3)∩N (x4)∩{a, b} 6=
∅ and N (x3) ∩ N (x2) ∩ {a, b} 6= ∅ still hold, and thus |N (x2) ∩ A| = 1.
Let T ∈ TG such that T ⊇ {x2, x3}, let F be a T -fragment of G. By Lemma 5, A ⊆ T . By the assumption, we have
|F∩N (A)| = |F∩N (A)| = 2, and thus N (A)∩T = {x2} and |T ∩A| = 2. We may assume that x1 ∈ F∩N (A). Since
N (x4) ∩ {a, b} 6= ∅, x4 ∈ F . We may assume that x4b ∈ E(G). Then, F ∩ N (A) = {x1, a} and F ∩ N (A) = {x4, b}.
If F ∩ A = ∅ = F ∩ A, then F = F ∩ N (A) = {x1, a} and F = {x4, b}, implying that {a, b} ⊆ N (x2). It follows that
d(x2) = 6 as N (x2)∩ A 6= ∅, a contradiction. So either F ∩ A 6= ∅ or F ∩ A 6= ∅. Hence, |A| ≥ 3. Then, by Lemma 3,
N (x2)∩ A ⊆ N (x1)∩ A. As x1 ∈ F , N (x2)∩ A ⊆ F ∪ T , implying that N (x2)∩ (F ∩ A) = ∅, and thus F ∩ A = ∅.
Hence, b ∈ N (x2), and F ∩ A 6= ∅. So, ax2 6∈ E(G) and |F | ≥ 3. As x3x1 6∈ E(G), |N (x3) ∩ F | = |{a}| = 1. By
Lemma 3, {a} = N (x3) ∩ F ⊆ N (x2) ∩ F , a contradiction. This proves Assertion 5.1.
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Next we show that N (A) does not contain consecutive edges of the cycle in H . For otherwise, we may assume
that {x1, x2, x3} ⊆ N (A). By the choice of A, we have that |N (x1) ∩ A| ≥ 2 (for otherwise, |N (x1) ∩ A| = 1, and
then A − N (x1) is also an S-fragment, a contradiction). Similarly, we have |N (x3) ∩ A| ≥ 2. Since A ∩ V (H) = ∅,
N (x3) ∩ (A ∩ V5(G)) = ∅. If x4 6∈ N (A), then x4 ∈ A. By Lemma 8, |N (x3) ∩ N (x4) − V5(G)| ≥ 2, implying
that d(x3) ≥ 6, a contradiction. So x4 ∈ N (A). Similarly we can deduce that x5 ∈ N (A), . . . , xm ∈ N (A) (if
m ≥ 6). Since |N (A)| = 5, then m ≤ 5 and V (H) ⊆ N (A). So, by using the same argument as above, we have
that |N (xi ) ∩ A| ≥ 2 for each xi ∈ V (H). From that we have |N (x1) ∩ A| = 1 = |N (x2) ∩ A|. If |A| = 2, then
both the two vertices in A have degree 5, implying |N (x1) ∩ V5(G)| ≥ 3, a contradiction. Otherwise, |A| ≥ 3. By
Lemma 3, there is a vertex u ∈ N (x1) ∩ (N (A) ∩ V5(G)) such that |N (u) ∩ A| ≥ 2, implying that |N (x2) ∩ A| ≥ 2
or |N (xm) ∩ A| ≥ 2, and then d(x2) ≥ 6 or d(xm) ≥ 6, a contradiction. So we obtain that N (A) does not contain
consecutive edges of the cycle in H .
At last, we assume that {x1, x2} ⊆ N (A). So x3 ∈ A and xm ∈ A. Thus, by Lemma 8, |N (x2)∩N (x3)−V5(G)| ≥ 2,
this implies that |N (x2)∩ A| = 1. Similarly we have |N (x1)∩ A| = 1. If |A| = 2, then each vertex of A has degree 5,
and thus |N (x1)∩ V5(G)| ≥ 3, a contradiction. If |A| ≥ 3, then, by Lemma 3 for x1 and A, we have |N (x2)∩ A| ≥ 2,
implying that d(x2) ≥ 6, a contradiction. This proves Theorem 5. 
Lemma 9. Let G be a contraction-critical 5-connected graph. x1, x2 ∈ V5(G) and x1x2 ∈ E(G). If N (x1)∩V5(G) =
{x2, y1}, N (x2) ∩ V5(G) = {x1, y2} (maybe y1 = y2) and a ∈ N (x1) ∩ N (x2)− V5(G), then |N (a) ∩ V5(G)| ≥ 3.
Proof. Suppose that |N (a) ∩ V5(G)| ≤ 2. By Theorem 1, we have |N (a) ∩ V5(G)| = 2. Let S = {{a, x} | d(x) ≥
6 and ax ∈ E(G)}. Since x1x2 ∈ E(G), there is an S-fragment which contains neither x1 nor x2. Pick an S-fragment
B such that B ∩ {x1, x2} = ∅, and so that |B| is minimum. Then |B| ≥ 2 since B ∩ {x1, x2} = ∅. Suppose that
x ∈ N (B) ∩ N (a) and d(x) ≥ 6. By Lemma 1, N (B) ∩ {x1, x2} 6= ∅. We may assume that x1 ∈ N (B). Then,
|N (x1) ∩ B| ≥ 2 by the choice of B.
First we show that x2 ∈ B. For otherwise, x2 ∈ N (B). Then, we similarly have |N (x2) ∩ B| ≥ 2. Thus
|N (x1) ∩ B| = 1, |N (x2) ∩ B| = 1. On the other hand, by the assumption, |B| ≥ 2. If |B| = 2, then there is a vertex
of degree 5 in B which is adjacent to a, a contradiction. So |B| ≥ 3. Note that |N (x2) ∩ B| ≥ 2,|N (x1) ∩ B| ≥ 2
and |N (x2) ∩ N (B)| ≥ 2,|N (x1) ∩ N (B)| ≥ 2. We have |N (x2) ∩ B| = |N (x2) ∩ N (B)| = 2 and |N (x1) ∩ B| =
|N (x1) ∩ N (B)| = 2.Note that N (x1) ∩ N (B) = {x2, a}, N (x2) ∩ N (B) = {x1, a}, thus y1 6∈ N (B) and y2 6∈ N (B).
By assuming that y2 6∈ N (B) and applying Lemma 3 to x1 and B, we have that |N (x2) ∩ B| ≥ 2, a contradiction.
Thus x2 ∈ B.
By Lemma 8, we can deduce that |N (x1) ∩ (N (B) ∪ B)| ≥ 3. So |N (x1) ∩ B| ≤ 2, and hence |N (x1) ∩ B| = 2
and |N (x1) ∩ (N (B) ∪ B)| = 3. This implies, by Lemma 8, that y1 ∈ B. Let N (x1) ∩ B = {y1, t1}.
Next we show that |B| ≥ 3. If |B| = 2, then d(t1) = 6. Pick T ∈ TG such that T ⊇ {x1, y1} and let
F be a T -fragment of G. Clearly, B ⊆ T as d(t1) = 6. By the fact that x2 ∈ B and y1 ∈ B, we have
|F ∩ N (B)| = 2 = |F ∩ N (B)|. We may assume that a ∈ F ∩ N (B). Then x2 ∈ F ∪ T . If x2 ∈ F ∩ B, then,
by Lemma 8, we have N (x1) ∩ F = ∅, a contradiction. So x2 ∈ T ∩ B. If F ∩ B = ∅, then |F | = |F ∩ N (B)| = 2,
and then a is adjacent to y1, a contradiction. Thus F ∩ B 6= ∅. It follows that N (x1) ∩ (F ∩ B) 6= ∅, and thus
|N (x1)∩ F | ≥ 2. On the other hand, as x2 ∈ T ∩ B and |N (x1)∩ B| = 2, |N (x1)∩ T | = 3, implying N (x1)∩ F = ∅,
a contradiction. So |B| ≥ 3.
At last, we proves that N (a) ∩ B = {t1}. For otherwise, pick a vertex z ∈ N (a) ∩ B − {t1}. z is not adjacent to x1
since |N (x1) ∩ B| = 2. Pick T1 ∈ TG such that T1 ⊇ {a, z} and let F1 be a T1-fragment. We distinguish two cases.
(i) B ⊆ T1. In this case, if |F1 ∩ N (B)| = 1, then, by the fact that |B| ≥ 3, F1 ∩ B = ∅, and thus
|F1| = |F1 ∩ N (B)| = 1. So F1 = {x1} since x2 ∈ B. This implies that z is adjacent to x1, a contradiction. So
|F1 ∩ N (B)| ≥ 2. Similarly we have |F1 ∩ N (B)| ≥ 2. It follows that |F1 ∩ N (B)| = 2 = |F1 ∩ N (B)|. By the fact
that |B| ≥ 3, F1 ∩ B = ∅ = F1 ∩ B, and thus |F1| = |F1 ∩ N (B)| = 2, |F1| = |F1 ∩ N (B)| = 2. We may assume
that x1 ∈ F1 ∩ N (B), thus x2 ∈ B ∩ T1. So F1 is an S-fragment with cardinality 2 which contains neither x1 nor x2,
contradicts the choice of B.
(ii) B 6⊆ T1. In this case, we may assume that F1 ∩ B 6= ∅. By the choice of B, F1 ∩ B is not an S-fragment.
This shows that F1 ∩ B = ∅ and |F1 ∩ N (B)| > |B ∩ T1|, |T1 ∩ B| > |F1 ∩ N (B)|. If F1 ∩ B 6= ∅, then we
can similarly deduce that |F1 ∩ N (B)| > |B ∩ T1|, B ∩ F1 = ∅. As |N (B)| = 5, |B| = 1, and thus B = {x2} and
|F1∩N (B)| = 2 = |F1∩N (B)|. We may assume that x1 ∈ F1∩N (B). Then F1 is an S-fragment of G which contains
neither x1 nor x2 and |F1| < |B|, contradicts the choice of B. This implies that F1 ∩ B = ∅. So F1 = F1 ∩ N (B). By
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the assumption, |F1 ∩ N (B)| ≥ 2, and thus |T1 ∩ B| ≥ 3. It follows that |F1 ∩ N (B)| ≤ 2, implying that B ∩ F1 = ∅.
Then B = B∩T1 6= ∅. Moreover, |B∩T1| < |F1∩N (B)| ≤ 2, and thus |B∩T1| = 1. So B∩T1 = {x2}. On the other
hand, we also have |F1 ∩ N (B)| = 2 = |F1 ∩ N (B)|. So x1 6∈ T1. If x1 ∈ F1 ∩ N (B), then F1 is an S-fragment of G
with cardinality 2 which contains neither x1 nor x2, a contradiction; if x1 ∈ F1, then F1 is an S-fragment of G which
contains neither x1 nor x2. Note that B ∩ F1 = ∅ and |T1 ∩ B| = 3 > |F1 ∩ N (B)| = 2, we |B| > |F1|, contradicts
the choice of B.
Hence, N (a) ∩ B = {t1}. Now if |B| = 1, then B = {x2}. It follows that y2 ∈ N (B). As d(a) ≥ 6 and
N (a) ∩ (B ∪ B) = {t1, x2}, we have (N (B) − {a}) ⊆ N (a), implying that y2 is adjacent to a, a contradiction. So
|B| ≥ 2.
Now we are ready to complete the proof. Pick T2 ∈ TG such that T2 ⊇ {x1, y1} and let F2 be a T2-fragment. If
B ⊆ T2, then |T2 ∩ B| = |B| ≥ 3, and thus |T2 ∩ B| ≤ 1. As |B| ≥ 2, we may assume that F2 ∩ B 6= ∅. Then
|F2 ∩ N (B)| ≥ |B ∩ T2| ≥ 3. It follows that |F2 ∩ N (B)| ≤ 1 < |T2 ∩ B|, implying that F2 ∩ B = ∅, and then
F2 = F2 ∩ N (B). This shows that there is a vertex in N (B) with degree 5 which is adjacent to x1, a contradiction.
So B 6⊆ T2. We may assume that F2 ∩ B 6= ∅. If |(F2 ∩ N (B)) ∪ (T2 − B)| = 5, then F2 ∩ B is a fragment of
G such that x1 ∈ N (F2 ∩ B). As N (x1) ∩ (F2 ∩ B) 6= ∅ and y1 ∈ N (F2 ∩ B), t1 ∈ F2 ∩ B. On the other hand,
N (a) ∩ (F2 ∩ B) ⊆ N (a) ∩ B = {t1}, so a ∈ N (F2 ∩ B). Then, |F2 ∩ B| ≥ 2 since t1 6∈ V5(G). This shows that
(N (F2 ∩ B)∪ {t1})− {x1, a} is a separating set of G of 4 vertices, a contradiction. So |(F2 ∩ N (B))∪ (T2 − B)| ≥ 6,
this implies that F2 ∩ B = ∅ and |F2 ∩ N (B)| > |T2 ∩ B| and |T2 ∩ B| > |F2 ∩ N (B)|. As |B| ≥ 2, we can similarly
deduce that |F2 ∩ N (B)| = |F2| = 1, implying that there is a vertex in N (B) with degree 5 which is adjacent to x1, a
contradiction. This proves Lemma 9. 
Lemma 10. Let G be a contraction-critical 5-connected graph, and G1 the subgraph induced by V5(G). Let
P = x1x2x3 be a path of G1 such that dG1(xi ) = 2 for i ∈ {1, 2, 3}. Then, there are three vertices a1, a2, a3 ∈
V (G) − V5(G) such that {x1, x2} ⊆ N (a1), {x1, x2, x3} ⊆ N (a2), {x2, x3} ⊆ N (a3) and |N (a1) ∩ V5(G)| ≥
3, |N (a3) ∩ V5(G)| ≥ 3.
Proof. By Lemma 8, |(N (x1) ∩ N (x2)) − V5(G)| ≥ 2 and |(N (x2) ∩ N (x3)) − V5(G)| ≥ 2. Let a1, a2 ∈
(N (x1)∩ N (x2))− V5(G) and b1, b2 ∈ (N (x2)∩ N (x3))− V5(G). By Lemma 9, |N (ai )∩ V5(G)| ≥ 3 for i ∈ {1, 2}
and |N (b j ) ∩ V5(G)| ≥ 3 for j ∈ {1, 2}. Clearly, {a1, a2} ∩ {b1, b2} 6= ∅ since d(x2) = 5. We may assume that
a2 = b1, we have to prove that a1 6= b2.
For otherwise, assume that a1 = b2, and let t ∈ N (x2) − {x1, x3, a1, a2}. Pick T ∈ TG such that T ⊇ {x2, t} and
let F be a T -fragment of G. We claim that F ∩ {x1, x3} = ∅.
For otherwise, we may assume that x1 ∈ F . Then {a1, a2} ⊆ (F ∪ T ). As N (x2)∩ F 6= ∅, we have x3 ∈ F . On the
other hand, as {a1, a2} ⊆ N (x3), {a1, a2} ⊆ F ∪ T , and thus {a1, a2} ⊆ T . So N (x2)∩ F = {x1}, N (x2)∩ F = {x3}.
If x1t ∈ E(G), then |N (x1) ∩ N (x2)| = 3. Let c ∈ N (x1) − N (x2), then T ′ := {x3, c, t, a1, a2} ∈ TG , and
F ′ = {x1, x2} is a T ′-fragment. Moreover, |N (x3) ∩ F ′| = 1 = |N (c) ∩ F ′|, then by Lemma 2, there is a vertex of
degree 5 in T ′ − {x3, c} that is adjacent to x3 or c, this implies that one of {a1, a2, t} is of degree 5, a contradiction.
So t x1 6∈ E(G). Similarly we have t x3 6∈ E(G). So |F | ≥ 2, |F | ≥ 2. If |F | = 2, we have |N (t) ∩ F | = 1 since
x1t 6∈ E(G). Then |N (t) ∩ F | = 1 and the two vertices in F are both of degree 5. Clearly, N (x2) ∩ F = {x1}. Then,
by Lemma 2, there is a vertex t ′ of degree 5 in T − {x2, t} that is adjacent to x2 or t . As t x1 6∈ E(G), t ′ is adjacent to
x1. Moreover, the vertex in F − {x1} has degree 5 and it is adjacent to x1, so |N (x1) ∩ V5(G)| ≥ 3, a contradiction.
So |F | ≥ 3. By applying Lemma 3 to x2 and F , we obtain that there is a vertex of degree 5 in T which is adjacent to
x2, a contradiction. So F ∩ {x1, x3} = ∅. Similarly we can obtain F ∩ {x1, x3} = ∅.
So {x1, x3} ⊆ T . Thus |N (x2) ∩ F | = 1,|N (x2) ∩ F | = 1. We may assume that a1 ∈ F, a2 ∈ F . As
d(a1) ≥ 6, d(a2) ≥ 6, |F | ≥ 2, |F | ≥ 2. If |N (x1) ∩ F | = 1, then T ∪ {a1} − {x1, x2} is a separating
set of G with cardinality 4, a contradiction. So |N (x1) ∩ F | ≥ 2. Similarly we have |N (x1) ∩ F | ≥ 2. Thus
|N (x1)∩ F | = 2 = |N (x1)∩ F |. As for x3, we also have |N (x3)∩ F | = 2 = |N (x3)∩ F |. As |N (x1)∩ V5(G)| = 2,
we may assume that (N (x1) ∩ V5(G)) − {x2} ⊆ F . Then F ′ = F − {a1} is a fragment of G such that x1 ∈ N (F ′)
and x2 ∈ F ′, and thus N (x1) ∩ (F ′ ∪ T ′) ∩ V5(G) = ∅. On the other hand, a1 ∈ N (x1) ∩ N (F ′), by Lemma 1,
N (x1) ∩ (F ′ ∪ T ′) ∩ V5(G) 6= ∅, a contradiction. This proves that a1 6= b2. By letting b2 = a3, we then obtain the
desired result. 
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Lemma 11. Let G be a contraction-critical 5-connected graph, B a fragment of G such that |B| = 2 and d(a) ≥ 6
for one vertex a ∈ B. Then |N (B) ∩ V5(G)| ≥ 3.
Proof. Let B = {a, b}. So, by Lemma 7, G− B is almost contraction-critical 3-connected, and N (B) ⊆⋃T∈TG−B T .
By Lemma 6, there are 4 fragments F1, F2, F3, F4 in G − B such that F1, F2, F3, F4 ∩ (⋃T∈TG−B T ) are pairwise
disjoint. It follow that F1 ∩ N (B), F2 ∩ N (B), F3 ∩ N (B), F4 ∩ N (B) are pairwise disjoint. By Lemma 7, Fi
for i ∈ {1, 2, 3, 4} is a fragment of G such that N (Fi ) = NG−B(Fi ) ∪ B, and so Fi ∩ N (B) 6= ∅. Hence,
4 ≤ ∑4i=1 |Fi ∩ N (B)| ≤ |N (B)| = 5, implying that there is at most one fragment Fi such that |Fi ∩ TB | ≥ 2.
Without loss of the generality, we may assume that |Fi ∩ N (B)| ≤ 1 for i ∈ {1, 2, 3}. As B ⊆ N (Fi ) and |B| = 2, we
have Fi ∩ B = ∅, and thus |Fi | = |Fi ∩ N (B)| ≤ 1 for each i ∈ {1, 2, 3}, it follows that |Fi | = 1 and Fi ⊆ N (B) for
i ∈ {1, 2, 3}. This implies that |N (B) ∩ V5(G)| ≥ 3. 
We introduce more notations. Let G be a contraction-critical 5-connected graph, and G1 the subgraph induced by
V5(G). Denote V3 := {x ∈ V (G1) | dG1(x) ≥ 3}. Then, for any vertex x ∈ V5(G)− V3, dG1(x) ≤ 2. By Theorem 5,
G1 − V3 is a forest. Set V2 = {x ∈ V (G1) | x is an isolated vertex in G1 − V3}. By the definition, for any vertex
x ∈ V2, N (x) ∩ V5(G) ⊆ V3.
Lemma 12. Let G be a contraction-critical 5-connected graph, define G1, V3, V2 as above. For a vertex x ∈ V3, let
N (x) = {x1, x2, x3, x4, x5} and denote Ix = {xi | xi ∈ V2}. Then, (1) |Ix | ≤ 3. (2) If |Ix | = 3 (we may assume that
Ix = {x1, x2, x3}) and d(x4) ≥ 6, d(x5) ≥ 6, then, for j ∈ {4, 5}, N (x j ) ∩ Ix 6= ∅, and either |N (x4) ∩ V5(G)| ≥ 3
and |N (x5) ∩ V5(G)| ≥ 3, or |N (x j ) ∩ V5(G)| ≥ 4 for j = 4 or 5.
Proof. (1) By contradiction. Assume that |Ix | ≥ 4. If |Ix | = 5, then, by the definition of V2, Ix is independent in G1.
Set S = {{x, xi } | i = 1, 2, 3, 4, 5}, then G is S-critical. Pick an S-atom A, so |A| ≥ 2. On the other hand, as G is
S-critical, |A| ≤ 2 by Lemma 5. Thus |A| = 2. Suppose that A = {x1, z}, x2 ∈ N (A). Then, z is not adjacent to x .
Thus N (x2) ∩ A = {z}, N (x) ∩ A = {x1}. By Lemma 2, there is a vertex t of degree 5 in N (A) − {x2, x} which is
adjacent to x or x2, implying that {x, z, t} ⊆ N (x1) ∩ V5(G), i.e., |N (x1) ∩ V5(G)| ≥ 3, a contradiction.
So |Ix | = 4. Let Ix = {x1, x2, x3, x4} and S = {{x, xi } | i = 1, 2, 3, 4}. Clearly, Ix is independent in G1.
Pick an S-fragment A of G such that x5 6∈ A and |A| is minimum. By the choice of A, A ∩ Ix 6= ∅. We may let
x1 ∈ A, x2 ∈ N (A). Clearly, |A| ≥ 2. By using the same argument as above we can deduce that |A| ≥ 3. We
distinguish two cases to deduce a contradiction.
Case 12.1. x5 ∈ A. Pick a T ∈ TG such that T ⊇ {x1, x}, and let F be a T -fragment of G. As x ∈ T ∩ N (A), either
|F ∩ N (A)| ≤ 2 or |F ∩ N (A)| ≤ 2. We may assume that |F ∩ N (A)| ≤ 2. If A ⊆ T , then |F ∩ N (A)| ≤ 2 <
|A ∩ T | = |A|, and thus F ∩ A = ∅. By the assumption, x5 6∈ F . Note that F is an S-fragment of G and x5 6∈ F . As
|F | < |A|, it contradicts the choice of A.
So A 6⊆ T . We may assume that F ∩ A 6= ∅. Then, by the choice of A, we can deduce that |T ∩ A| > |F ∩ N (A)|.
This implies that F ∩ A = ∅. As x5 ∈ A, F is an S-fragment of G and x5 6∈ F . Note that |F | < |A|, contradicts the
choice of A. This completes the proof of Case 12.1.
Case 12.2. x5 ∈ N (A). Then N (x) ∩ A ⊆ Ix . We may assume that x3 ∈ A. Then |A| ≥ |A| ≥ 3. Since
|N (x) ∩ N (A)| ≥ 2, either |N (x) ∩ A| = 1 or |N (x) ∩ A| = 1.
If |N (x) ∩ A| = 1, then N (x) ∩ A = {x3}. By Lemma 3, there is a vertex u ∈ N (x) ∩ (N (A) ∩ V5(G))
such that ux3 ∈ E(G). So u = x5. By Lemma 3, |N (x5) ∩ A| ≥ 2. On the other hand, by the choice of A,
|N (x5) ∩ A| ≥ 2. Thus |N (x5) ∩ A| = 2 = |N (x5) ∩ A|. Let N (x5) ∩ A = {x3, t}. If t x3 ∈ E(G), then let
F := A − {x3, t}. Since |A| ≥ 3, F 6= ∅. Note that F is a fragment of G such that x3, t ∈ N (F), by Lemma 1,
N (x3) ∩ (F ∪ N (F)) ∩ V5(G) 6= ∅, implying that |N (x3) ∩ V5(G)| ≥ 3, a contradiction. If t x3 6∈ E(G), then let
F ′ = A−{x3}. So |N (x5)∩ F ′| = 1, |N (x5)∩ N (F ′)| = 1. Note that F ′ is a fragment of G such that x5, x3 ∈ N (F ′).
If |F ′| = 2, then F ′ has a vertex of degree 5 which is adjacent to x3, and thus |N (x3) ∩ V5(G)| ≥ 3, a contradiction.
If |F ′| ≥ 3, then, by Lemma 3, N (x5) ∩ F ′ ⊆ N (x3) ∩ F ′, implying x3t ∈ E(G), also a contradiction.
Hence, |N (x) ∩ A| ≥ 2. Then N (x) ∩ A = {x3, x4}. It follows that |N (x) ∩ A| = 1. As |A| ≥ 3, by Lemma 3,
N (x) ∩ A ⊆ N (x5) ∩ A and |N (x5) ∩ A| ≥ 2. If |N (x5) ∩ A| = 2, then, by using the same argument for x5 and A
as in the last paragraph for x5 and A, we can deduce a contradiction. So |N (x5) ∩ A| ≥ 3. As N (x5) ∩ N (A) ⊇ {x},
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|N (x5) ∩ A| = 1 then N (x5) ∩ N (A) = {x}. As |A| ≥ 3, by applying Lemma 3 for x5 and A, we obtain that
N (x5)∩ A ⊆ N (x)∩ A. As N (x)∩ A = {x3, x4}, we have that either x3x5 ∈ E(G) or x4x5 ∈ E(G). We may assume
that x3x5 ∈ E(G). Then A1 := A − {x3} is a fragment of G such that x, x2, x3 ∈ N (A1) and N (x) ∩ A1 = {x4}.
Note that x5 ∈ A1. If |A1| ≥ 3, then, by applying Lemma 3 to x and A1, we obtain that x4 ∈ N (x2) or x4 ∈ N (x3), a
contradiction. If |A1| = 2, as x5 ∈ A1 and |A| ≥ 3, then it contradicts the choice of A. This proves (1).
(2) As we assume that Ix = {x1, x2, x3}, and d(x4) ≥ 6 and d(x5) ≥ 6. Set S = {{x, xi } | i = 1, 2, 3}. First,
we show that F ∩ {x4, x5} 6= ∅ for every S-fragment F . Suppose this is not true, let F be an S-fragment such that
F ∩ {x4, x5} = ∅. Pick an S-end B such that B ⊆ F . So B ∩ {x4, x5} = ∅. We may assume that x1 ∈ B, x2 ∈ N (B).
By a similar argument as in (1), we can obtain |B| ≥ 3. Pick T1 ∈ TG such that T1 ⊇ {x, x1}. We distinguish two
cases for which either B ⊆ T1 or B 6⊆ T1. In either case, we can deduce, as we discussed before, that and there is
a T1-fragment F1 of G such that |F1| = 1 and F1 ⊆ N (B). This implies that x1x2 ∈ E(G) or x1x3 ∈ E(G) as
{x4, x5} ⊆ F , a contradiction. So F ∩ {x4, x5} 6= ∅.
Next we prove the first conclusion of (2). For this purpose, pick an S-end B such that x4 ∈ B. Then x5 ∈ B. We
may assume that x2 ∈ N (B). If B ∩ {x1, x3} 6= ∅, pick T2 ∈ TG such that T2 ⊇ {x, xi } for i ∈ {1, 3}, otherwise, pick
T2 ∈ TG such that T2 ⊇ {x, x4}. Let F2 be a T2-fragment of G. If |B| = 2, then, by the fact that d(x4) ≥ 6, x4 is
adjacent to x2. If |B| ≥ 3 and B 6⊆ T2, we may assume that F2 ∩ B 6= ∅. If |(T2 ∩ B) ∪ (N (B) − F2)| = 5, then
F2 ∩ B is a fragment of G. As B is an S-end of G and T2 ∩ B 6= ∅, thus {x1, x3} ∩ B = ∅ by the choice of T2. This
implies that N (x) ∩ B = {x4}, and thus N (x) ∩ (F2 ∩ B) = ∅, a contradiction. So |(T2 ∩ B) ∪ (N (B) − F2)| ≥ 6,
and then we can deduce, by using a similar argument as we discussed before, that |F2| = 1 and F2 ⊆ N (B). So we
also have {x1, x3} ∩ B = ∅. For otherwise, we can deduce that x1x2 ∈ E(G) or x3x2 ∈ E(G), a contradiction. Thus
N (x)∩ B = {x4} and N (x4)∩ Ix 6= ∅. If |B| ≥ 3 and B ⊆ T2, then we can still deduce that |F2| = 1 and F2 ⊆ N (B).
As x4 ∈ B ⊆ T2, N (x4)∩ Ix 6= ∅. Similarly we can show that N (x5)∩ Ix 6= ∅. This proves the first conclusion of (2).
Finally, we have to prove the second conclusion of (2). By contradiction. For this purpose, we may assume that
|N (x4)∩V5(G)| = 2 and |N (x5)∩V5(G)| ≤ 3 by symmetry. For i ∈ {1, 2, 3}, let yi ∈ N (xi )∩V5(G)−{x}. As in the
last part, let M be an S-end such that x4 ∈ M . Then x5 ∈ M . We assume that x1 ∈ N (M). Then, |M | ≥ 2, |M | ≥ 2
as d(x4) ≥ 6, d(x5) ≥ 6. If |M | = 2, then, by Lemma 11, |N (M) ∩ V5(G)| ≥ 3. On the other hand, the vertex in
M − {x4} has degree 5 (for otherwise, this vertex has degree 6, and thus it is adjacent to x , a contradiction). Hence,
|N (x4) ∩ V5(G)| ≥ 4, a contradiction. Thus |M | ≥ 3. Similarly we can deduce that |M | ≥ 3. If x2 ∈ M , then we
pick T3 ∈ TG such that T3 ⊇ {x, x2}. Since |M | ≥ 3 and |M | ≥ 3, we can deduce, by using a similar argument as we
discussed before, that there is a T3-fragment F3 such that |F3| = 1 and F3 ⊆ N (M). It follows that x2x1 ∈ E(G) or
x2x3 ∈ E(G), a contradiction. Hence, x2 6∈ M . We can similarly deduce that x3 6∈ M . So M ∩ {x1, x2, x3} = ∅. Thus
N (x) ∩ M = {x4}.
Assertion 12.1. For i ∈ {1, 2, 3}, if xi ∈ N (M), then |N (xi ) ∩ M | ≤ 2.
For otherwise, we may assume that |N (x1) ∩ M | ≥ 3. Then |N (x1) ∩ M | = 1. So, by Lemma 3, there is a vertex
t ∈ N (M) ∩ V5(G) such that N (x1) ∩ M ⊆ N (t) ∩ M and |N (t) ∩ M | ≥ 2. Since N (x1) ∩ N (M) = {x}, t = x
and |N (x) ∩ M | ≥ 2. It follows that N (x1) ∩ M = {x5}. Let M ′ = M − {x5}, then M ′ is a fragment of G and
M ′ ∩ {x4, x5} = ∅. So M ′ is not an S-fragment as shown above. Thus {x2, x3} ∩ N (M ′) = ∅, and then {x2, x3} ⊆ M ′
as M ′ ⊇ M . If M ′ = {x2, x3}, then {x2, x3} ⊆ N (x5) as x2x3 6∈ E(G), implying that |N (x5) ∩ V5(G)| ≥ 4, a
contradiction. So |M ′| ≥ 3. Note that x4, x1 ∈ M ′ and x, x5 ∈ N (M ′). Pick T3 ∈ TG such that T3 ⊇ {x, x2}. If
M ′ ⊆ T3, then we can deduce, by using a similar argument as we discussed before, that there is a T3-fragment F3 of G
such that |F3| = 1 and F3 ⊆ N (M ′). This implies that F3 = {x5}, and thus d(x5) = 5, a contradiction. So M ′ 6⊆ T3.
Let F3 be a T3-fragment of G such that F3 ∩ M ′ 6= ∅. Since (F3 ∩ M ′) ∩ {x4, x5} = ∅, F3 ∩ M ′ is not an S-fragment
of G. So |(T3 ∩ M ′)∪ (N (M ′)− F3)| ≥ 6. Then we can deduce, by using a similar argument as we discussed before,
that |F3| = 1 and F3 ⊆ N (M ′), and then F3 = {x5}, and thus d(x5) = 5, a contradiction. So |N (x1) ∩ M | ≤ 2. For
the case of i ∈ {2, 3}, we can similarly deduce the desired result. This proves Assertion 12.1.
Since N (x) ∩ M = {x4}, then, by Lemma 3, there is a vertex t ∈ N (x) ∩ (N (M) ∩ V5(G)) such that
N (x) ∩ M ⊆ N (t) ∩ M and |N (t) ∩ M | ≥ 2. We may assume that t = x1. Thus x4x1 ∈ E(G) and |N (x1) ∩ M | ≥ 2.
By Assertion 12.1, |N (x1) ∩ M | = 2. Then either |N (x1) ∩ N (M)| = 1 and |N (x1) ∩ M | = 2, or |N (x1) ∩ M | = 1
and |N (x1) ∩ N (M)| = 2.
If |N (x1) ∩ N (M)| = 1, then N (x1) ∩ N (M) = {x}. Let M1 = M − {x4}. Then M1 is a fragment of G such
that x1, x4 ∈ N (M1) and x ∈ M1. Thus, by Lemma 1, N (x1) ∩ (M1 ∪ N (M1)) ∩ V5(G) 6= ∅. As x ∈ M1,
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y1 ∈ (M1 ∪ N (M1)) ∩ V5(G), it follows that y1 ∈ M . By the assumption, x4y1 6∈ E(G). If |M1| = 2, then we
can easily deduce that |N (x4) ∩ V5(G)| ≥ 3, a contradiction. So |M1| ≥ 3. By Lemma 3, we can deduce that
d(x4) = 5 since N (x1) ∩ M1 = {y1}, a contradiction.
So |N (x1) ∩ N (M)| = 2 and |N (x1) ∩ M | = 1. Recall that |M | ≥ 3, by Lemma 3, there is a vertex
u ∈ N (x1) ∩ (N (M) ∩ V5(G)) such that N (x1) ∩ M ⊆ N (u) ∩ M and |N (u) ∩ M | ≥ 2. If u = x , then
N (x1) ∩ M = {x5}. By using the same discussion as in the proof of Assertion 12.1, we can deduce a contradiction.
So u = y1, this shows that y1 ∈ N (M) and |N (y1) ∩ M | ≥ 2. As M is an S-end of G, |N (y1) ∩ M | ≥ 2, and
thus |N (y1) ∩ M | = 2 = |N (y1) ∩ M |. Denote N (x1) ∩ M = {s}. Then s 6= x5. Clearly, M1 := M − {s} is a
fragment of G and y1, s ∈ N (M1) and x1 ∈ M1. Note that |N (y1) ∩ M1| = 1 and N (y1) ∩ N (M1) = {s} and
x5 ∈ M1. On the other hand, as M ∩ {x1, x2, x3} = ∅, {x2, x3} ⊆ N (M1) ∪ M1. So, if |M1| = 2, as d(x5) ≥ 6,
then N (M1) ∪ M1 − {x5} ⊆ N (x5), implying that |N (x5) ∩ V5(G)| ≥ |{x, x2, x3, y1}| = 4, a contradiction. Hence,
|M1| ≥ 3. By applying Lemma 3 to y1 and M1, we obtain that d(s) = 5, and then x1 ∈ V3, a contradiction. This
proves the second conclusion of (2). 
4. Proof of Theorem 2
Let G be a contraction-critical 5-connected graph. We use the same notations V5(G),G1, V3, V2 as before. By
Lemma 12(1), |N (x)∩V2| ≤ 3 for any x ∈ V3. We partition V3 into⋃3j=0 V j3 such that V j3 = {x | x ∈ V3 and |N (x)∩
V2| = j} for j ∈ {0, 1, 2, 3}. Moreover, let V 3>3 = {x | x ∈ V 33 , dG1(x) ≥ 4}, V 3=3 = {x | x ∈ V 33 , dG1(x) = 3}.
Denote V1 := V5(G)−(V2∪V3),U := V (G)−V5(G), |V5(G)| = n1 and |U | = n2. Recall that the subgraph G1−V3
has no cycle and each vertices in G1− V3 has degree at most two, so each component of G1− V3 is either an isolated
vertex or a path. By our notation, V2 consists of all isolated vertices of G1 − V3, so G1 − (V2 ∪ V3) consists of some
paths.
Clearly, 5n1 = ∑x∈V5(G) d(x) = 2|E(G1)| + |E(U, V5(G))| ≥ 2n1 + |V3| + |V 3>3 | + |E(U, V5(G))|, where
E(U, V5(G)) denote the set of the edges joining the vertices between U and V5(G). In the following, we look for
a lower bound for |E(U, V5(G))|. By Theorem 1, |E(u, V5(G))| ≥ 2 for every u ∈ U , and |E(U, V5(G))| =∑
u∈U |E(u, V5(G))| ≥ 2|U |. We will give a better lower bound by the lemmas we have proved.
We define a mapping ϕ : V1 ∪ V 3=3 → U by the following way: for x ∈ V1, let ϕ(x) = ax ∈ U such that
xax ∈ E(G), N (ax ) ∩ (N (x) ∩ V1) 6= ∅ and |N (ax ) ∩ V5(G)| ≥ 3, and that if x1, x2 ∈ ϕ−1(ax ), then x1x2 6∈ E(G);
for y ∈ V 3=3 , let ϕ(y) = by ∈ U such that yby ∈ E(G), N (by) ∩ (N (y) ∩ V2) 6= ∅ and |N (by) ∩ V5(G)| ≥ 3. By
Lemmas 8–10 and 12, such a mapping exists. Denote U1 = ϕ(V1 ∪ V 3=3 ).
Let u ∈ U1. As V 3=3 is independent, combining with the definition of ϕ and the fact that N (V 3=3 ) ∩ V5(G) ⊆ V2,
we have that ϕ−1(u) is independent.
If |ϕ−1(u)| = 1, then |E(u, V5(G))| ≥ 3 = 2 + |ϕ−1(u)|. If |ϕ−1(u)| = k ≥ 2, we distinguish three cases to
consider.
(i) ϕ−1(u) ⊆ V1. Suppose that ϕ−1(u) = {x1, . . . , xk} and zi ∈ N (u) ∩ (N (xi ) ∩ V1) for i = 1, . . . , k.
Clearly, zi = z j is possible for i 6= j . As zi ∈ V1, there are at least d k2e distinct vertices in z1, . . . , zk . Then
|E(u, V5(G))| ≥ k + d k2e ≥ 2+ d |ϕ
−1(u)|
2 e.
(ii) ϕ−1(u) ⊆ V 3=3 . Let ϕ−1(u) = {y1, . . . , yk} and z j ∈ N (u) ∩ (N (y j ) ∩ V2) for j = 1, . . . , k. As zi ∈ V2, we
still have that there are at least d k2e distinct vertices in z1, . . . , zk . Then |E(u, V5(G))| ≥ k + d k2e ≥ 2+ d |ϕ
−1(u)|
2 e.
(iii) ϕ−1(u)∩V 3=3 6= ∅ 6= ϕ−1(u)∩V 3=3 . Let ϕ−1(u) = {x1, . . . , xi , yi+1, . . . , yk}, and z j ∈ N (u)∩ (N (x j )∩V1)
for j = 1, . . . , i and z j ∈ N (u) ∩ (N (y j ) ∩ V2) for j = i + 1, . . . , k. Then there are at least d k2e distinct vertices in
z1, . . . , zk . Then |E(u, V5(G))| ≥ k + d k2e ≥ 2+ d |ϕ
−1(u)|
2 e.
Summarizing as above, we obtain that |E(U1, V5(G))| ≥ 2|U1| +∑u∈U1d |ϕ−1(u)|2 e ≥ 2|U1| + |V1|+|V 3=3 |2 .
On the other hand, for any vertex x ∈ V2, N (x) ∩ V5(G) ⊆ V3. It follows that 2|V2| ≤ |V 13 | + 2|V 23 | + 3|V 33 |.
Hence,
5n1 ≥ 2n1 + |V3| + |V 3>3 | + 2n2 +
|V1| + |V 3=3 |
2
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≥ 2|V (G)| + |V1| + |V3|
2
+ |V3| + |V
3
3 |
2
≥ 2|V (G)| + |V1| + |V3|
2
+ |V
1
3 | + |V 23 | + 2|V 33 |
2
≥ 2|V (G)| + |V1| + |V2| + |V3|
2
= 2|V (G)| + n1
2
.
That is |V5(G)| ≥ 49 |V (G)|. 
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